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Construction of N = 2 chiral supergravity
compatible with the reality condition
Motomu Tsuda and Takeshi Shirafuji
Physics Department, Saitama University
Urawa, Saitama 338, Japan
Abstract
We construct N = 2 chiral supergravity (SUGRA) which leads to
Ashtekar’s canonical formulation. The supersymmetry (SUSY) transfor-
mation parameters are not constrained at all and auxiliary fields are not
required in contrast with the method of the two-form gravity. We also
show that our formulation is compatible with the reality condition, and
that its real section is reduced to the usual N = 2 SUGRA up to an
imaginary boundary term.
1
1. Introduction
To introduce a self-dual connection into general relativity has the advantage of
leading to polynomial constraints in the canonical formulation and therefore of ob-
taining a nonperturbative quantum gravity [1, 2, 3, 4]. However, the extension of
Ashtekar’s formulation of general relativity to include matter spinor fields is not
trivial, because the Lagrangian using the complex self-dual connection may lead
to an imaginary part which gives extra conditions or inconsistencies for field equa-
tions. Indeed its imaginary part for the real tetrad has a particular quadratic form
of the torsion tensor, i.e., ǫµνρσTλµνT
λ
ρσ [5, 6].
1 In the second-order formalism
this term vanishes for spin-1/2 fields [5, 6, 8, 9] because the torsion tensor is to-
tally antisymmetric, and it vanishes also for only one spin-3/2 field [6, 10] after a
Fierz transformation. For two or more spin-3/2 fields, however, the quadratic term
ǫµνρσTλµνT
λ
ρσ does not vanish even if Fierz transformations are used. If this imag-
inary term is not canceled with another appropriate term in the Lagrangian, then
it will give additional equations for spin-3/2 fields which cause inconsistency [6].
Therefore the consistent inclusion of N = 2 supergravity (SUGRA) into Ashtekar’s
formulation, i.e., the construction of N = 2 chiral SUGRA is not a trivial problem.
One method to construct the chiral SUGRA is based on the two-form gravity
[11], in which the “chiral” means that the formulation is given by using only those
quantities with unprimed spinor indices in the 2-component spinor notation. The
N = 1 two-form SUGRA was first formulated by Capovilla et al.[11] in first-order
form, and its extension to N = 2 SUGRA has also been established [12]. In this
formulation, however, supersymmetry (SUSY) transformation parameters are con-
strained, and auxiliary fields are needed to formulate the chiral theory in the above
1 We shall follow the notation and convention of Ref.[6, 7].
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sense.
On the other hand, we have reformulated [7] Jacobson’s construction of N = 1
chiral SUGRA [10] into first-order form, closely following the method originally
employed in the usual N = 1 SUGRA [13, 14]. 2 In this formulation the meaning of
the “chiral” is weaker than in the two-form gravity: Namely, both primed and un-
primed spinor indices are used in the 2-component spinor notation, although only
right-handed (or left-handed) spin-3/2 fields are coupled to the spin connection.
The merit of this method lies in that SUSY transformation parameters are not
constrained at all, and that auxiliary fields are not required. Therefore it is suitable
for discussing its relation to the usual SUGRA and, in particular, for studying the
consistency problem which may arise when two or more spin-3/2 fields are included.
In this paper we construct N = 2 chiral SUGRA using the SUSY transformation
parameters without constraints. We also show that the dangerous term quadratic in
torsion, ǫµνρσTλµνT
λ
ρσ, exactly cancels with another term which is required for the
SUSY invariance, and therefore that the consistency problem does not arise even if
the tetrad is real. Our construction closely follows the usual N = 2 SUGRA [16]:
Namely, we try to couple the spin-(2, 3/2) chiral action [7, 10] to the spin-(3/2, 1)
supermatter multiplet by means of the Noether method [16, 17, 18, 19].
In order to discuss the consistency problem, i.e., the question of whether a real
section can be extracted ¿from the theory or not, we assume at first that the tetrad eiµ
is complex, and we introduce two independent pairs of (Majorana) Rarita-Schwinger
fields, (ψµ, ψ˜µ) and (ϕµ, ϕ˜µ),
3 along with a complex spin-1 field Aµ. This means
2 The minimal off-shell version of N = 1 chiral SUGRA can also be constructed by introducing
an antisymmetric tensor field and an axial-vector field as auxiliary fields [15].
3 We assume ψµ and ψ˜µ (or ϕµ and ϕ˜µ) to be two independent (Majorana) Rarita-Schwinger
fields, and define the right-handed spinor fields ψRµ := (1/2)(1+γ5)ψµ and ψ˜Rµ := (1/2)(1+γ5)ψ˜µ.
The ψRµ and ψ˜Rµ are related to the left-handed spinor fields ψLµ and ψ˜Lµ respectively, because
3
that right- and left-handed SUSY transformations introduced in the chiral SUGRA
are independent of each other even in the second-order formalism. This fact makes
it more transparent to confirm the SUSY invariance, particularly the right-handed
one, in the course of constructing the theory. At the final stage we impose the reality
condition.
This paper is organized as follows. In section 2 we summarize N = 1 chiral
SUGRA in first-order form. In section 3 we construct N = 2 chiral SUGRA. A
manifestly O(2) invariant form of N = 2 chiral Lagrangian is explicitly shown in
section 4. In section 5 we discuss the consistency problem and the relation to the
usual N = 2 SUGRA within the second-order formalism. Finally, the conclusion
and discussion are given in section 6.
2. Summary of N = 1 chiral SUGRA
Let us first summarize the chiral Lagrangian of N = 1 theory and its local right-
and left-handed SUSY transformation laws in first-order form [7]. The independent
variables are the complex tetrad eiµ, two independent (Majorana) Rarita-Schwinger
fields (ψµ, ψ˜µ) and the self-dual connection A
(+)
ijµ which satisfies (1/2)ǫij
klA
(+)
klµ =
iA
(+)
ijµ . The chiral Lagrangian density is given by
4
L(+)SG = −
i
2κ2
e ǫµνρσeiµe
j
νR
(+)
ijρσ − e ǫµνρσψ˜RµγρD(+)σ ψRν , (1)
where e denotes det(eiµ), and the covariant derivativeD
(+)
µ and the curvature R
(+)ij
µν
are
D(+)µ := ∂µ +
i
2
A
(+)
ijµS
ij ,
ψµ and ψ˜µ are Majorana spinors. We denote the Dirac conjugate of ψRµ by ψLµ.
4 The κ2 is the Einstein constant: κ2 = 8πG/c4. We take the units c = h¯ = 1.
4
R(+)ijµν := 2(∂[µA
(+)ij
ν] + A
(+)i
k[µA
(+)kj
ν]). (2)
The spin-(2, 3/2) Lagrangian density of (1) is invariant under the right-handed
SUSY transformations generated by a Majorana spinor parameter α,
δRe
i
µ = iκ αLγ
iψ˜Lµ,
δRψRµ =
2
κ
D(+)µ αR, δRψ˜Lµ = 0,
δRA
(+)
ijµ = 0, (3)
and also under the left-handed SUSY transformations generated by another Majo-
rana spinor parameter α˜, 5
δLe
i
µ = iκ α˜Rγ
iψRµ,
δLψRµ = 0, δLψ˜Lµ =
2
κ
D(−)µ α˜L,
δLA
(+)
ijµ = self−dual part of {−κ(Bµij − eµ[iBm|m|j])} (4)
with
Bλµν := ǫµνρσα˜Rγ
λD(+)ρ ψRσ. (5)
Here the antiself-dual connection A
(−)
ijµ , which appears in the left-handed SUSY trans-
formations (4) through the covariant derivative D(−)µ , is defined to be the solution
of the equation δL(−)SG/δA(−) = 0 for the “unphysical” Lagrangian density
L(−)SG =
i
2κ2
e ǫµνρσeiµe
j
νR
(−)
ijρσ + e ǫ
µνρσψLµγρD
(−)
σ ψ˜Lν , (6)
which becomes just the complex conjugate of L(+)SG when the tetrad is real and
ψ˜µ = ψµ. On the other hand, we take the self-dual connection A
(+)
ijµ as one of the
independent variables.
5 We define the self-dual and antiself-dual part of a tensor Fij as F
(±)
ij =
1
2 (Fij ∓ i2ǫijklF kl).
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3. Construction of N = 2 chiral SUGRA
The construction of N = 2 chiral SUGRA starts from the flat, globally super-
symmetric spin-(3/2, 1) matter multiplet of the chiral theory: The flat-space chiral
Lagrangian is given by
L
0(+)
M = −ǫµνρσϕ˜Rµγρ∂σϕRν −
1
4
(Fµν)
2, (7)
which is invariant under the right-handed SUSY transformations generated by the
constant Majorana spinor α,
δRAµ =
√
2 αLϕRµ,
δRϕRµ = 0,
δRϕ˜Lµ = −
√
2 iF (−)µν γ
ναR, (8)
and also under the left-handed SUSY transformations generated by another constant
Majorana spinor α˜,
δLAµ =
√
2 α˜Rϕ˜Lµ,
δLϕRµ = −
√
2 iF (+)µν γ
να˜L,
δLϕ˜Lµ = 0, (9)
where F (+)µν and F
(−)
µν represent the self-dual and antiself-dual part of Fµν , respec-
tively.
If we make the SUSY transformation parameters α and α˜ in (8) and (9) space-
time dependent, then terms proportional to (∂µαR) and (∂µα˜L) appear in δRL
0(+)
M
and δLL
0(+)
M respectively. These terms can be eliminated by using the transforma-
tions δRψRµ = (2/κ)∂µαR and δLψ˜L = (2/κ)∂µα˜L at lowest order in κ, if we add to
6
(7) the coupling term of (ψRµ, ψ˜Lµ) with the Noether current associated with (7),
(8) and (9): Namely, inclusion of the Noether term
LNoether = −κ
2
(ψLµJ
µ
R + ψ˜RµJ˜
ν
L) (10)
with
JµR = −2
√
2 F (−)µνϕRν ,
J˜µL = −2
√
2 F (+)µνϕ˜Lν , (11)
recovers the right- and left-handed SUSY invariance at order κ0. Note that JµR and
J˜µL are conserved because of the identity
∂[µϕRν] +
i
2
ǫµνρσ∂
ρϕσR =
1
2
γαSµν(ǫ
αβρσγβ∂ρϕRσ),
∂[µϕ˜Lν] − i
2
ǫµνρσ∂
ρϕ˜σL = −
1
2
γαSµν(ǫ
αβρσγβ∂ρϕ˜Lσ). (12)
Furthermore in order to recover the SUSY invariance at increasing order in κ,
we start with the Lagrangian density
Lˆ(+)M = −e ǫµνρσϕ˜RµγρD(+)σ ϕRν −
e
4
(Fµν)
2
+
√
2κ e(F (−)µνψLµϕRν + F
(+)µνψ˜Rµϕ˜Lν) (13)
obtained by combining the covariantized form of (7) with the Noether term (10),
and examine the variation δLˆ(+) = δ(L(+)SG + Lˆ(+)M ) by using (3), (4), (8) and (9).
At order κ, several terms appear in δLˆ(+). The variation of the Maxwell action by
using δR,Le, and the variation of the Noether term by using δRϕ˜L and δLϕR lead to
terms of the form, F 2ψ˜L and F
2ψR: The explicit calculation shows
δRLˆ(+)[F 2ψ˜L] = κ
4
e ǫµνρσFλνFρσ(ψ˜Rµγ
λαR − ψ˜
λ
RγµαR),
δLLˆ(+)[F 2ψR] = −κ
4
e ǫµνρσFλνFρσ(ψLµγ
λα˜L − ψλLγµα˜L), (14)
7
each of which vanishes, however, by means of the identity 6
ǫµνρσFλνFρσ =
1
4
δµλǫ
κνρσFκνFρσ. (15)
This cancellation is the same as in the usual SUGRA [16]. Other terms at order κ in
δLˆ(+) come from the variation of the spin-3/2 action in (13) by using δR,Le and from
the variation of the Noether terms by using δR,LA as well as from the first-order
variation of the self-dual connection in (3) and (4): Namely, at first order in κ, we
have
δRLˆ(+) = −iκ ǫµνρσ(αLγiψ˜Lρ)ϕ˜Rµγi∂σϕRν
+2κ
{
∂[µ(αLϕ
ν]
R) +
i
2
ǫµνρσ∂ρ(αLϕRσ)
}
ψLµϕRν
+2κ
{
∂[µ(αLϕ
ν]
R)−
i
2
ǫµνρσ∂ρ(αLϕRσ)
}
ψ˜Rµϕ˜Lν (16)
for the right-handed transformations, and
δLLˆ(+) = −iκ ǫµνρσ(α˜RγiψRρ)ϕ˜Rµγi∂σϕRν + iκ ǫµνρσ(α˜Rγi∂ρψRσ)ϕ˜RµγiϕRν
+2κ
{
∂[µ(α˜Rϕ˜
ν]
L ) +
i
2
ǫµνρσ∂ρ(α˜Rϕ˜Lσ)
}
ψLµϕRν
+2κ
{
∂[µ(α˜Rϕ˜
ν]
L )−
i
2
ǫµνρσ∂ρ(α˜Rϕ˜Lσ)
}
ψ˜Rµϕ˜Lν (17)
for the left-handed transformations. Note that the second term of (17), which has
no counterpart in (16), originates from δLˆ(+)M for δLA(+) and from δL(+)SG for δLA(+)
and δLψ˜L. Here we have defined δLψ˜L by using the A
(−)
ijµ which is the sum of the
antiself-dual part of the Ricci rotation coefficients Aijµ(e) and that of Kijµ given by
Kijµ =
i
2
κ2{(ψ˜R[iγ|µ|ψRj] + ψ˜R[iγ|j|ψRµ] − ψ˜R[jγ|i|ψRµ])
+(ϕ˜R[iγ|µ|ϕRj] + ϕ˜R[iγ|j|ϕRµ] − ϕ˜R[jγ|i|ϕRµ])}. (18)
6 This identity can be proved by multiplying FκνFρσ with the identity δ
κ
λǫ
µνρσ = δµλǫ
κνρσ +
δνλǫ
µκρσ + δρλǫ
µνκσ + δσλǫ
µνρκ as stated in [17].
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Namely, the A
(−)
ijµ in δLψ˜L is now supposed to be obtained from the “unphysical”
Lagrangian density L(−)SG which involves the pair (ϕµ, ϕ˜µ) besides (ψµ, ψ˜µ).
In order to eliminate the terms of (16) and (17) we must modify both Lˆ(+)M and the
SUSY transformation laws (8) and (9). As for the terms in (16), those proportional
to (∂µαL) can be eliminated by adding to Lˆ(+)M the four-fermion contact terms
L(R)4 = −κ
2
2
e
(
ψ
[µ
Lϕ
ν]
R +
i
2
ǫµνρσψLρϕRσ
)
ψLµϕRν
−κ2e
(
ψ
[µ
Lϕ
ν]
R −
i
2
ǫµνρσψLρϕRσ
)
ψ˜Rµϕ˜Lν , (19)
while those proportional to (∂µϕRν) can be eliminated by adding to δRϕ˜Lµ of (8)
the following terms
δ′Rϕ˜Lµ = iκ
{(
ψL[µϕRν] +
i
2
ǫµνρσψ
ρ
Lϕ
σ
R
)
+
(
ψ˜R[µϕ˜Lν] +
i
2
ǫµνρσψ˜
ρ
Rϕ˜
σ
L
)}
γναR. (20)
As for the terms in (17), on the other hand, we first note that the sum of
the first and second terms in (17) become −2iκ ǫµνρσ∂ρ(α˜Rϕ˜Lσ)ψLµϕRν after Fierz
transformations. Then the terms proportional to (∂µα˜R) can be eliminated by adding
to Lˆ(+)M the four-fermion contact terms
L(L)4 = −κ2e
(
ψ˜
[µ
R ϕ˜
ν]
L −
i
2
ǫµνρσψ˜Rρϕ˜Lσ
)
ψLµϕRν
−κ
2
2
e
(
ψ˜
[µ
R ϕ˜
ν]
L −
i
2
ǫµνρσψ˜Rρϕ˜Lσ
)
ψ˜Rµϕ˜Lν , (21)
while the remaining terms of (17) proportional to (∂µϕ˜Lν) can be eliminated by
adding to δLϕRµ in (9) the following terms
δ′LϕRµ = iκ
{(
ψL[µϕRν] −
i
2
ǫµνρσψ
ρ
Lϕ
σ
R
)
+
(
ψ˜R[µϕ˜Lν] −
i
2
ǫµνρσψ˜
ρ
Rϕ˜
σ
L
)}
γνα˜L. (22)
Here we also note that all terms of (19) through (22) contain the (anti)self-dual part
of ψL[µϕRν] or ψ˜R[µϕ˜Lν].
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To summarize, in order to recover the right- and left-handed SUSY invariance
at order κ, we have modified the SUSY transformations of δRϕ˜Lµ and δLϕRµ in (8)
and (9) as
δRϕ˜Lµ = −
√
2 iFˆ (−)µν γ
ναR,
δLϕRµ = −
√
2 iFˆ (+)µν γ
να˜L, (23)
where Fˆ (±)µν represent the self-dual and antiself-dual part of Fˆµν defined by
Fˆµν := Fµν −
√
2κ(ψL[µϕRν] + ψ˜R[µϕ˜Lν]). (24)
The Lˆ(+)M of (13) has also been modified as 7
L(+)M = −e ǫµνρσϕ˜RµγρD(+)σ ϕRν −
e
4
(Fµν)
2
+
κ√
2
e {(F (−)µν + Fˆ (−)µν)ψLµϕRν + (F (+)µν + Fˆ (+)µν)ψ˜Rµϕ˜Lν)}
+
i
2
κ2e ǫµνρσ(ψLρϕRσ)ψ˜Rµϕ˜Lν . (25)
The last term of (25) is needed to cancel those terms in the variation of the Noether
term with respect to δR,LA at order κ, and it plays an important role in solving the
consistency problem as will be explained later.
At order κ2, although the transformations δR,LA
(+)
ijµ should be corrected to recover
the SUSY invariance within the first-order formalism, this task will be complicated
[20]. Therefore, we turn to the second-order formalism in order to minimize com-
plication, as was done in constructing the usual N = 3 SUGRA [21]: Namely, the
equation for A
(+)
ijµ derived from L(+)N=2 = L(+)SG + L(+)M is solved as
A
(+)
ijµ = A
(+)
ijµ (e) +K
(+)
ijµ , (26)
7 Note that since the second term of L(R)4 coincides with the first term of L(L)4, we take only
one of them.
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where A
(+)
ijµ (e) is the self-dual part of the Ricci rotation coefficients Aijµ(e), while
K
(+)
ijµ is that of Kijµ given by (18). If we use the solution (26), then all the terms of
order κ2, some of which are derived from the terms added in (23) and (25), cancel
identically. Finally at order κ3, quintic terms of spin-3/2 fields appear but they
indeed cancel among themselves.
4. The manifest O(2) invariance
Let us show that the resultant N = 2 chiral Lagrangian has a manifest O(2)
invariance which rotates the two pairs of spin-3/2 fields into one another as in the
usual N = 2 SUGRA [16, 19]. In fact, we can rewrite the L(+)N=2 = L(+)SG + L(+)M as
L(+)N=2 = −
i
2κ2
e ǫµνρσeiµe
j
νR
(+)
ijρσ − e ǫµνρσψ˜
I
RµγρD
(+)
σ ψ
I
Rν −
e
4
(Fµν)
2
+
κ
2
√
2
e {(F (−)µν + Fˆ (−)µν)ψILµψJRν + (F (+)µν + Fˆ (+)µν)ψ˜
I
Rµψ˜
J
Lν}ǫIJ
+
i
8
κ2e ǫµνρσ(ψ
I
Lµψ
J
Rν)ψ˜
K
Rρψ˜
L
Lσǫ
IJǫKL, (27)
where we denote the pairs by (ψIRµ, ψ˜
I
Lµ) (I, J, . . . = 1, 2)
8 instead of (ψRµ, ψ˜Lµ) and
(ϕRµ, ϕ˜Lµ), and accordingly the definition of Fˆµν , (24), is expressed by
Fˆµν := Fµν − κ√
2
(ψ
I
L[µψ
J
Rν] + ψ˜
I
R[µψ˜
J
Lν])ǫ
IJ . (28)
The chiral Lagrangian density of (27) is invariant under the right-handed SUSY
transformations generated by αI
δRe
i
µ = iκ α
I
Lγ
iψ˜ILµ, δRAµ =
√
2 ǫIJαILψ
J
Rµ,
δRψ
I
Rµ =
2
κ
D(+)µ α
I
R,
δRψ˜
I
Lµ =
√
2 i ǫIJ Fˆ (−)µν γ
ναJR, (29)
8 A summation convention for the internal-symmetry indices I, J, . . . is used and ǫIJ = −ǫJI .
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and also under the left-handed SUSY transformations generated by α˜I
δLe
i
µ = iκ α˜
I
Rγ
iψIRµ, δLAµ =
√
2 ǫIJ α˜
I
Rψ˜
J
Lµ,
δLψ˜
I
Lµ =
2
κ
D(−)µ α˜
I
L,
δLψ
I
Rµ =
√
2 i ǫIJ Fˆ (+)µν γ
ν α˜JL. (30)
Within the first-order formalism, the A
(+)
ijµ appears in the chiral Lagrangian den-
sity and it is taken as one of the independent variables. As for the A
(−)
ijµ , which
is used in the left-handed SUSY transformations of (30), however, we define it to
be derived from the “unphysical” Lagrangian density (6) with (ψRµ, ψ˜Lµ) being re-
placed by (ψIRµ, ψ˜
I
Lµ): Namely, the A
(−)
ijµ is fixed as the sum of the antiself-dual part
of the Ricci rotation coefficients Aijµ(e) and that of Kijµ of (18), which now reads
Kijµ =
i
2
κ2(ψ˜
I
R[iγ|µ|ψ
I
Rj] + ψ˜
I
R[iγ|j|ψ
I
Rµ] − ψ˜
I
R[jγ|i|ψ
I
Rµ]). (31)
When the reality condition,
eiµ = e
i
µ and ψ˜
I
µ = ψ
I
µ, (32)
are imposed, 9 the A
(−)
ijµ , which is used in (30), becomes just the complex conjugate
of the A
(+)
ijµ of (26).
5. Compatibility with the reality condition
We now discuss the consistency problem and the relation to the usual N = 2
SUGRA within the second-order formalism. If we take the self-dual connection A
(+)
ijµ
in L(+)N=2 as the function of the tetrad and spin-3/2 fields by solving the equation
9 The bar of eiµ in (32) means the complex conjugate.
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δL(+)N=2/δA(+) = 0, then the torsion part of L(+)N=2 involves a four-fermion contact
term
i
8
e ǫµνρσTλµνT
λ
ρσ = − i
16
κ2e ǫµνρσ(ψ˜
I
Rµγλψ
K
Rν)ψ˜
J
Rργ
λψLRσǫ
IJǫKL, (33)
since the torsion tensor is related to Kλµν by Tλµν = 2Kλ[µν]. When the reality
condition (32) is satisfied, the right-hand side of (33) becomes pure imaginary, indi-
cating that if such a term really survives in L(+)N=2, it will give additional equations
for spin-3/2 fields which cause inconsistency [6]. However, since the last term in
L(+)N=2 can be rewritten as
i
8
κ2e ǫµνρσ(ψ
I
Lµψ
J
Rν)ψ˜
K
Rρψ˜
L
Lσǫ
IJǫKL =
i
16
κ2e ǫµνρσ(ψ˜
I
Rµγλψ
K
Rν)ψ˜
J
Rργ
λψLRσǫ
IJǫKL (34)
by using a Fierz transformation, this exactly cancels with the term of (33), and
therefore any inconsistency of field equations does not arise at the classical level even
if the reality condition is imposed. In other words, the SUSY invariance of L(+)N=2
solves the consistency problem which would arise without the SUSY invariance.
Indeed, the L(+)N=2 of N = 2 chiral SUGRA with the reality condition (32) is reduced
to that of the usual one up to an imaginary boundary term: Namely, we have
L(+)N=2[A(+)(e, ψI)] = LN=2 usual SUGRA[A(e, ψI)]−
1
4
∂µ(e ǫ
µνρσψ
I
νγρψ
I
σ). (35)
This Lagrangian density is invariant under the right- and left-handed SUSY trans-
formations of (29) and (30), which are now complex conjugate of each other.
6. Conclusion and discussion
In this paper we have constructed N = 2 chiral SUGRA compatible with the
reality condition using the SUSY transformation parameters without constraint. We
13
have also shown within the second-order formalism that the formulation is reduced
to the usual N = 2 SUGRA up to an imaginary boundary term when the reality
condition is satisfied.
Ashtekar’s canonical formulation of N = 2 chiral SUGRA derived from (27) does
not contain any auxiliary field: This point is in sharp contrast with that of N = 2
two-form SUGRA [12]. So detailed comparison of our results with the two-form
SUGRA is desirable at the level of canonical formulation.
Construction of N = 3 chiral SUGRA will be a straightforward task by using
the method of this paper, except for the following aspect: Namely, since the N = 3
theory contains both spin-1/2 and -3/2 fields, the torsion tensor for the real tetrad
is fixed as
Tλµν = − i
2
κ2ψ
I
[µγ|λ|ψ
I
ν] −
κ2
4
ǫλµνσχγ5γ
σχ (I = 1, 2, 3), (36)
and therefore we must consider the consistency problem for the term (i/8)e ǫµνρσTλµν
×T λρσ with the torsion being given by (36). The problem is whether this term is can-
celed with another term required by the SUSY invariance or not. The construction
of N = 3 chiral SUGRA and further extensions are now being investigated.
An attempt at supersymmetric extension of loop quantum gravity [3, 4] has been
made for N = 1 chiral SUGRA [22]. We expect that its further extension to the
theory with N > 1 can be made, now that N = 2 chiral SUGRA compatible with
the reality condition has been constructed.
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